
Great Expectations
Chris Piech (and Dickens)
CS109, Stanford University



Joint Random Variables
Use a joint table, density function or CDF to 
solve probability question

Use and find independence of multiple RVS

Think about conditional probabilities with 
joint variables (which might be continuous)

What happens when you add random variables?

Use and find expectation of multiple RVS

How do multiple variables covary?



E[CS109]
This is actual midpoint of course

(Just wanted you to know)

Course Mean



Sea side



Four Prototypical Trajectories

Review



E[X + Y] = E[X] + E[Y]

Generalized:

Holds regardless of dependency between Xi’s
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Expected Values of Sums



Four Prototypical Trajectories

End Review





• Let E1, E2, ... En be events with indicator RVs Xi
§ If event Ei occurs, then Xi = 1, else Xi = 0
§ Recall E[Xi] = P(Ei)

§ Why? 

Bool Was Cool

Boole died of being too cool

E[Xi] = 0 · (1� P (Ei)) + 1 · P (Ei)

Bernoulli aka Indicator Random Variables were studied 
extensively by George Boole





• Let Y ~ Bin(n, p)
§ n independent trials
§ Let Xi = 1 if i-th trial is “success”, 0 otherwise
§ Xi ~ Ber(p)

Expectation of Binomial

E[Xi] = p

Y = X1 +X2 + · · ·+Xn =
nX

i=1

Xi

E[Y ] = E[
nX

i=1

Xi]

=
nX

i=1

E[Xi]

= E[X1] + E[X2] + . . . E[Xn]

= np

E[Y ] = E[
nX

i=1

Xi]

=
nX

i=1

E[Xi]

= E[X1] + E[X2] + . . . E[Xn]

= np

E[Y ] = E[
nX

i=1

Xi]

=
nX

i=1

E[Xi]

= E[X1] + E[X2] + . . . E[Xn]

= np

E[Y ] = E[
nX

i=1

Xi]

=
nX

i=1

E[Xi]

= E[X1] + E[X2] + . . . E[Xn]

= np



• Let Y ~ NegBin(r, p)
§ Recall Y is number of trials until r “successes”
§ Let Xi = # of trials to get success after (i – 1)st success
§ Xi ~ Geo(p)  (i.e., Geometric RV)

Expectation of Negative Binomial

E[Y ] = E[
rX

i=1

Xi]

=
rX

i=1

E[Xi]

= E[X1] + E[X2] + . . . E[Xr]

=
r

p

Y = X1 +X2 + · · ·+Xr =
rX

i=1

Xi

E[Xi] =
1

p

E[Y ] = E[
rX

i=1

Xi]

=
rX

i=1

E[Xi]

= E[X1] + E[X2] + . . . E[Xr]

=
r

p

E[Y ] = E[
rX

i=1

Xi]

=
rX

i=1

E[Xi]

= E[X1] + E[X2] + . . . E[Xr]

=
r

p

E[Y ] = E[
rX

i=1

Xi]

=
rX

i=1

E[Xi]

= E[X1] + E[X2] + . . . E[Xr]

=
r

p



Differential Privacy

Aims to provide means to 
maximize the accuracy 
of probabilistic 
queries while minimizing 
the probability of 
identifying its records.

Cynthia Dwork’s celebrity lookalike is Cynthia Dwork.



# Maximize accuracy, while preserving privacy.
def calculateYi(Xi):

obfuscate = random()
if obfuscate:

return indicator(random())
else:

return Xi

Differential Privacy
100 independent values X1 … X100 where Xi ~ Bern(p)

random() returns 
True or False with 
equal likelihood



# Maximize accuracy, while preserving privacy.
def calculateYi(Xi):

obfuscate = random()
if obfuscate:

return indicator(random())
else:

return Xi

Differential Privacy

random() returns 
True or False with 
equal likelihood

100 independent values X1 … X100 where Xi ~ Bern(p)

What is E[Yi]? 

E[Yi] = P (Yi = 1) =
p

2
+

1

4
E[Yi] = P (Yi = 1) =

p

2
+

1

4



# Maximize accuracy, while preserving privacy.
def calculateYi(Xi):

obfuscate = random()
if obfuscate:

return indicator(random())
else:

return Xi

Differential Privacy
100 independent values X1 … X100 where Xi ~ Bern(p)

Let Z =
100X

i=1

Yi What is the E[Z]?

E[Z] = E
h 100X

i=1

Yi

i
=

100X

i=1

E[Yi] =
100X

i=1

�p
4
+

1

4

�
= 25p+ 25

random() returns 
True or False with 
equal likelihood

E[Z] = E
h 100X

i=1

Yi

i
=

100X

i=1

E[Yi] =
100X

i=1

�p
4
+

1

4

�
= 25p+ 25E[Z] = E
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i=1

Yi

i
=

100X

i=1

E[Yi] =
100X

i=1

�p
2
+

1

4

�
= 50p+ 25



# Maximize accuracy, while preserving privacy.
def calculateYi(Xi):

obfuscate = random()
if obfuscate:

return indicator(random())
else:

return Xi

Differential Privacy
100 independent values X1 … X100 where Xi ~ Bern(p)

Let Z =
100X

i=1

Yi How do you estimate p?

random() returns 
True or False with 
equal likelihood

Challenge: What is the probability that our estimate is good?

E[Z] = 50p+ 25

p ⇡ Z � 25

50



Four Prototypical Trajectories

More Practice!



• Computer cluster with k servers
§ Requests independently go to server i with probability pi

§ Let event Ai = server i receives no requests
§ Let Bernoulli Bi be an indicator for Ai

§ X = # of events A1, A2, … Ak that occur 
§ Y = # servers that receive ≥ 1 request = k – X
§ E[Y] after first n requests?
§ Since requests independent: n

ii pAP )1()( -=

Computer Cluster Utilization

X =
kX

i=1

Bi

E[X] = E
h kX

I=1

Bi

i
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kX

i=1
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kX

i=1
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kX

i=1

(1� pi)
n

E[Y ] = k � E[X] = k �
kX

i=1

(1� pi)
n
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h kX

I=1

Bi

i
=

kX

i=1

E[Bi] =
kX

i=1

P (Ai) =
kX

i=1

(1� pi)
nE[X] = E
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I=1
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i
=

kX

i=1

E[Bi] =
kX

i=1

P (Ai) =
kX

i=1

(1� pi)
nE[X] = E

h kX

I=1

Bi

i
=

kX

i=1

E[Bi] =
kX

i=1

P (Ai) =
kX

i=1

(1� pi)
nE[X] = E

h kX

I=1

Bi

i
=

kX

i=1

E[Bi] =
kX

i=1

P (Ai) =
kX

i=1

(1� pi)
n





http://www.zdnet.com/article/amazons-finds-its-profit-horse-in-aws-why-its-so-disruptive-to-its-old-guard/

* 52% of Amazons Earnings

**More profitable than Amazon’s North   
America commerce operations



Piech, CS106A, Stanford University

When stuck, brainstorm 
about random variables



Piech, CS106A, Stanford University



• Consider a hash table with n buckets
§ Each string equally likely to get hashed into any bucket

§ Let X = # strings to hash until each bucket ≥ 1 string

§ What is E[X]?

§ Let Xi = # of trials to get success after i-th success
o where “success” is hashing string to previously empty bucket

o After i buckets have ≥ 1 string, probability of hashing a string to 
an empty bucket is p = (n – i) / n

o equivalently:  Xi ~ Geo((n – i) / n)

o E[Xi] = 1 / p = n / (n – i)

§ X = X0 + X1 + ... + Xn-1 Þ E[X] = E[X0] + E[X1] + ... + E[Xn-1]
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Hash Tables (aka Toy Collecting)

This is your final answer



Four Prototypical Trajectories

Break





Four Prototypical Trajectories

Conditional Expectation



• X and Y are jointly discrete random variables
§ Recall conditional PMF of X given Y = y:

• Define conditional expectation of X given Y = y:

• Analogously, jointly continuous random variables:

åå =====
x

YX
x

yxpxyYxXPxyYXE )|()|(]|[ |  

)(
),(

)|()|( ,
| yp

yxp
yYxXPyxp

Y

YX
YX ====

)(
),(

)|( ,
| yf

yxf
yxf

Y

YX
YX = dxyxfxyYXE YX  )|(]|[ | ò

¥

¥-

==

Conditional Expectation



• Roll two 6-sided dice D1 and D2

§ X = value of D1 + D2 Y = value of D2

§ What is E[X | Y = 6]?

§ Intuitively makes sense: 6 + E[value of D1] = 6 + 3.5

å ====
x

YxXPxYXE )6|(]6|[  

5.9
6
57)121110987(

6
1

==+++++÷
ø
ö

ç
è
æ=

Rolling Dice



• X and Y are jointly distributed random variables

• Expectation of conditional sum:
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Properties of Conditional Expectation



• Define g(Y) = E[X | Y]
• This is just function of Y

Conditional Expectation Functions

E[X|Y=y]

This is a function with Y as input



Y = 5
12

Conditional Expectation Functions

E[X|Y=y]

• Define g(Y) = E[X | Y]
• This is just function of Y



Y = 3 6

Conditional Expectation Functions

E[X|Y=y]

• Define g(Y) = E[X | Y]
• This is just function of Y



Conditional Expectation Functions

E[X]
<latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit><latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit><latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit><latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit>

E[X|Y = y]
<latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit><latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit><latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit><latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit>

E[X = 5]
<latexit sha1_base64="MYACz71CtBV1pIzIxB3Rj94V4uo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFr0IBRE8VrAfsF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfueJKs2keDCThAYxHgoWMYKNldq3fve6HvTLFbfqzoFWiZeTCuRo9stfvYEkaUyFIRxr7XtuYoIMK8MIp9NSL9U0wWSMh9S3VOCY6iCbXztFZ1YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/zw/NdFVkDGRpIYKslgUpRwZiWavowFTlBg+sQQTxeytiIywwsTYgEo2BG/55VXSrlU9t+rdX1QatTyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBmlaObQ==</latexit><latexit sha1_base64="MYACz71CtBV1pIzIxB3Rj94V4uo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFr0IBRE8VrAfsF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfueJKs2keDCThAYxHgoWMYKNldq3fve6HvTLFbfqzoFWiZeTCuRo9stfvYEkaUyFIRxr7XtuYoIMK8MIp9NSL9U0wWSMh9S3VOCY6iCbXztFZ1YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/zw/NdFVkDGRpIYKslgUpRwZiWavowFTlBg+sQQTxeytiIywwsTYgEo2BG/55VXSrlU9t+rdX1QatTyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBmlaObQ==</latexit><latexit sha1_base64="MYACz71CtBV1pIzIxB3Rj94V4uo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFr0IBRE8VrAfsF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfueJKs2keDCThAYxHgoWMYKNldq3fve6HvTLFbfqzoFWiZeTCuRo9stfvYEkaUyFIRxr7XtuYoIMK8MIp9NSL9U0wWSMh9S3VOCY6iCbXztFZ1YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/zw/NdFVkDGRpIYKslgUpRwZiWavowFTlBg+sQQTxeytiIywwsTYgEo2BG/55VXSrlU9t+rdX1QatTyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBmlaObQ==</latexit><latexit sha1_base64="MYACz71CtBV1pIzIxB3Rj94V4uo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFr0IBRE8VrAfsF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfueJKs2keDCThAYxHgoWMYKNldq3fve6HvTLFbfqzoFWiZeTCuRo9stfvYEkaUyFIRxr7XtuYoIMK8MIp9NSL9U0wWSMh9S3VOCY6iCbXztFZ1YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/zw/NdFVkDGRpIYKslgUpRwZiWavowFTlBg+sQQTxeytiIywwsTYgEo2BG/55VXSrlU9t+rdX1QatTyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBmlaObQ==</latexit>

Doesn’t make sense. Take expectation of random 
variables, not events

This is a number:

This is a function of y:



Conditional Expectation Functions
X = favorite number
Y = year in school

E[X] = 0 * 0.05 + … + 9 * 0.10 = 5.38 



Conditional Expectation Functions
X = favorite number
Y = year in school

E[X | Y] ?

Year in school, Y = y E[X | Y = y]

2 5.5

3 5.8

4 6.0

5 4.7



Conditional Expectation Functions
X = favorite number
Y = year in school

E[X | Y] ?

Year in school, Y = y E[X | Y = y]

2 5.5

3 5.8

4 6.0

5 4.7



X = units in fall quarter
Y = year in school

Conditional Expectation Functions

E[X | Y] ?



Law of Total Expectation
E[E[X|Y ]] = E[X]

E[E[X|Y ]] =
X

y

E[X|Y = y]P (Y = y)

=
X

y

X

x

xP (X = x|Y = y)P (Y = y)

=
X

y

X

x

xP (X = x, Y = y)

=
X

x

X

y

xP (X = x, Y = y)

=
X

x

x
X

y

P (X = x, Y = y)

=
X

x

xP (X = x)

= E[X]

g(Y) = E[X|Y]

Def of E[X|Y]

Chain rule!

I switch the order of the sums

Move that x outside the y sum

Marginalization

Def of E[X]

E[E[X|Y ]] = E[X]



Law of Total Expectation

E[X] =
X

y

E[X|Y = y]P (Y = y)
<latexit sha1_base64="AQDusej+73DlBIO4zNq6I35uJKw=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZkpgm4KBRFcVrAPaYchk2ba0CQzJBlhGLtx46+4caGIW//BnX9j2s5CWw8knJxzLzf3BDGjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXEb98TqWgkbnUaE4+jgaAhxUgbybePrrodD9ZgTyXcT6F5PdzVUq9RNvepb5ecijMFXCRuTkogR8O3v3r9CCecCI0ZUqrrOrH2MiQ1xYyMi71EkRjhERqQrqECcaK8bLrFGJ4YpQ/DSJojNJyqvzsyxJVKeWAqOdJDNe9NxP+8bqLDCy+jIk40EXg2KEwY1BGcRAL7VBKsWWoIwpKav0I8RBJhbYIrmhDc+ZUXSatacZ2Ke3NWqlfzOArgEByDMnDBOaiDa9AATYDBI3gGr+DNerJerHfrY1a6ZOU9B+APrM8fuviWvg==</latexit><latexit sha1_base64="AQDusej+73DlBIO4zNq6I35uJKw=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZkpgm4KBRFcVrAPaYchk2ba0CQzJBlhGLtx46+4caGIW//BnX9j2s5CWw8knJxzLzf3BDGjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXEb98TqWgkbnUaE4+jgaAhxUgbybePrrodD9ZgTyXcT6F5PdzVUq9RNvepb5ecijMFXCRuTkogR8O3v3r9CCecCI0ZUqrrOrH2MiQ1xYyMi71EkRjhERqQrqECcaK8bLrFGJ4YpQ/DSJojNJyqvzsyxJVKeWAqOdJDNe9NxP+8bqLDCy+jIk40EXg2KEwY1BGcRAL7VBKsWWoIwpKav0I8RBJhbYIrmhDc+ZUXSatacZ2Ke3NWqlfzOArgEByDMnDBOaiDa9AATYDBI3gGr+DNerJerHfrY1a6ZOU9B+APrM8fuviWvg==</latexit><latexit sha1_base64="AQDusej+73DlBIO4zNq6I35uJKw=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZkpgm4KBRFcVrAPaYchk2ba0CQzJBlhGLtx46+4caGIW//BnX9j2s5CWw8knJxzLzf3BDGjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXEb98TqWgkbnUaE4+jgaAhxUgbybePrrodD9ZgTyXcT6F5PdzVUq9RNvepb5ecijMFXCRuTkogR8O3v3r9CCecCI0ZUqrrOrH2MiQ1xYyMi71EkRjhERqQrqECcaK8bLrFGJ4YpQ/DSJojNJyqvzsyxJVKeWAqOdJDNe9NxP+8bqLDCy+jIk40EXg2KEwY1BGcRAL7VBKsWWoIwpKav0I8RBJhbYIrmhDc+ZUXSatacZ2Ke3NWqlfzOArgEByDMnDBOaiDa9AATYDBI3gGr+DNerJerHfrY1a6ZOU9B+APrM8fuviWvg==</latexit><latexit sha1_base64="AQDusej+73DlBIO4zNq6I35uJKw=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZkpgm4KBRFcVrAPaYchk2ba0CQzJBlhGLtx46+4caGIW//BnX9j2s5CWw8knJxzLzf3BDGjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXEb98TqWgkbnUaE4+jgaAhxUgbybePrrodD9ZgTyXcT6F5PdzVUq9RNvepb5ecijMFXCRuTkogR8O3v3r9CCecCI0ZUqrrOrH2MiQ1xYyMi71EkRjhERqQrqECcaK8bLrFGJ4YpQ/DSJojNJyqvzsyxJVKeWAqOdJDNe9NxP+8bqLDCy+jIk40EXg2KEwY1BGcRAL7VBKsWWoIwpKav0I8RBJhbYIrmhDc+ZUXSatacZ2Ke3NWqlfzOArgEByDMnDBOaiDa9AATYDBI3gGr+DNerJerHfrY1a6ZOU9B+APrM8fuviWvg==</latexit>

For any random variable X and any 
discrete random variable Y 



int Recurse() {
int x = randomInt(1, 3);  // Equally likely values

if (x == 1) return 3;
else if (x == 2) return (5 + Recurse());
else return (7 + Recurse());

}

• Let Y = value returned by Recurse().   What is E[Y]?
)3(]3|[)2(]2|[)1(]1|[][ ==+==+=== XPXYEXPXYEXPXYEYE

3]1|[ ==XYE
][5]5[]2|[ YEYEXYE +=+==
][7]7[]3|[ YEYEXYE +=+==

])[215)(3/1()3/1])([7()3/1])([5()3/1(3][ YEYEYEYE +=++++=
15][ =YE

Analyzing Recursive Code



Four Prototypical Trajectories

Protip: do this in CS161



Four Prototypical Trajectories

If we have time…



Your company has one job opening 
for a software engineer.

You have n candidates. But you 
have to say yes/no immediately
after each interview!

Proposed algorithm: reject the first 
k and accept the next one who is 
better than all of them.

What’s the best value of k?

xkcd by Randall Munroe

Hiring and Engineer

https://xkcd.com/1185


n candidates, must say yes/no immediately after each interview.
Reject the first k, accept the next who is better than all of them.
What’s the best value of k?

B: event that you hire the best engineer
X: position of the best engineer on the interview schedule

Hiring and Engineer

What is the P (B|X = i)?
<latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit>



n candidates, must say yes/no immediately after each interview.
Reject the first k, accept the next who is better than all of them.
What’s the best value of k?

B: event that you hire the best engineer
X: position of the best engineer on the interview schedule

Hiring and Engineer

What is the P (B|X = i)?
<latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit>

i k



n candidates, must say yes/no immediately after each interview.
Reject the first k, accept the next who is better than all of them.
What’s the best value of k?

B: event that you hire the best engineer
X: position of the best engineer on the interview schedule

Hiring and Engineer

What is the P (B|X = i)?
<latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit>

ik

Hint: where is the 
best among the first 
i – 1 candidates?



n candidates, must say yes/no immediately after each interview.
Reject the first k, accept the next who is better than all of them.
What’s the best value of k?

B: event that you hire the best engineer
X: position of the best engineer on the interview schedule

Hiring and Engineer

What is the P (B|X = i)?
<latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit>

ik

Hint: where is the 
best among the first 
i – 1 candidates?

Here?



n candidates, must say yes/no immediately after each interview.
Reject the first k, accept the next who is better than all of them.
What’s the best value of k?

B: event that you hire the best engineer
X: position of the best engineer on the interview schedule

Hiring and Engineer

What is the P (B|X = i)?
<latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit><latexit sha1_base64="yHRCxYFIo9QVtnsJudOB6GcM5qU=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9i0YvHCvYD2qVk02wbms2uSbZQ1v4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eaIKc0j+WDGMfNC0pc84JQYK3m10g1+wi18hfnZdbdQdMrODHiZuBkpQoZat/DV6UU0CZk0VBCt264TGy8lynAq2CTfSTSLCR2SPmtbKknItJfOjp7gU6v0cBApW9Lgmfp7IiWh1uPQt50hMQO96E3F/7x2YoJLL+UyTgyTdL4oSAQ2EZ4mgHtcMWrE2BJCFbe3YjogilBjc8rbENzFl5dJo1J2nbJ7f16sVrI4cnAMJ1ACFy6gCndQgzpQeIRneIU3NEIv6B19zFtXUDZzBH+APn8AsHKQCA==</latexit>

ik

Hint: where is the 
best among the first 
i – 1 candidates?

Here?



P (B|X = i) =
k

i� 1
if i > k

<latexit sha1_base64="PTg/FQZCUDfEgI2vfffUeXs67Zg=">AAACGXicbVDJSgNBEO1xjXGLevRSGIR4MMwEQS9K0IvHCGaBJISeTk/SpGehu0YM4/yGF3/FiwdFPOrJv7GzHDTxQRWP96rorudGUmi07W9rYXFpeWU1s5Zd39jc2s7t7NZ0GCvGqyyUoWq4VHMpAl5FgZI3IsWp70pedwdXI79+x5UWYXCLw4i3fdoLhCcYRSN1cnalcAkP0IBzEEemtTxFWTJIEwHH4KTQQn6PCQgPUhBwAYNOLm8X7TFgnjhTkidTVDq5z1Y3ZLHPA2SSat107AjbCVUomORpthVrHlE2oD3eNDSgPtftZHxZCodG6YIXKlMBwlj9vZFQX+uh75pJn2Jfz3oj8T+vGaN31k5EEMXIAzZ5yIslYAijmKArFGcoh4ZQpoT5K7A+NdmgCTNrQnBmT54ntVLRsYvOzUm+XJrGkSH75IAUiENOSZlckwqpEkYeyTN5JW/Wk/VivVsfk9EFa7qzR/7A+voBm1uc6Q==</latexit><latexit sha1_base64="PTg/FQZCUDfEgI2vfffUeXs67Zg=">AAACGXicbVDJSgNBEO1xjXGLevRSGIR4MMwEQS9K0IvHCGaBJISeTk/SpGehu0YM4/yGF3/FiwdFPOrJv7GzHDTxQRWP96rorudGUmi07W9rYXFpeWU1s5Zd39jc2s7t7NZ0GCvGqyyUoWq4VHMpAl5FgZI3IsWp70pedwdXI79+x5UWYXCLw4i3fdoLhCcYRSN1cnalcAkP0IBzEEemtTxFWTJIEwHH4KTQQn6PCQgPUhBwAYNOLm8X7TFgnjhTkidTVDq5z1Y3ZLHPA2SSat107AjbCVUomORpthVrHlE2oD3eNDSgPtftZHxZCodG6YIXKlMBwlj9vZFQX+uh75pJn2Jfz3oj8T+vGaN31k5EEMXIAzZ5yIslYAijmKArFGcoh4ZQpoT5K7A+NdmgCTNrQnBmT54ntVLRsYvOzUm+XJrGkSH75IAUiENOSZlckwqpEkYeyTN5JW/Wk/VivVsfk9EFa7qzR/7A+voBm1uc6Q==</latexit><latexit sha1_base64="PTg/FQZCUDfEgI2vfffUeXs67Zg=">AAACGXicbVDJSgNBEO1xjXGLevRSGIR4MMwEQS9K0IvHCGaBJISeTk/SpGehu0YM4/yGF3/FiwdFPOrJv7GzHDTxQRWP96rorudGUmi07W9rYXFpeWU1s5Zd39jc2s7t7NZ0GCvGqyyUoWq4VHMpAl5FgZI3IsWp70pedwdXI79+x5UWYXCLw4i3fdoLhCcYRSN1cnalcAkP0IBzEEemtTxFWTJIEwHH4KTQQn6PCQgPUhBwAYNOLm8X7TFgnjhTkidTVDq5z1Y3ZLHPA2SSat107AjbCVUomORpthVrHlE2oD3eNDSgPtftZHxZCodG6YIXKlMBwlj9vZFQX+uh75pJn2Jfz3oj8T+vGaN31k5EEMXIAzZ5yIslYAijmKArFGcoh4ZQpoT5K7A+NdmgCTNrQnBmT54ntVLRsYvOzUm+XJrGkSH75IAUiENOSZlckwqpEkYeyTN5JW/Wk/VivVsfk9EFa7qzR/7A+voBm1uc6Q==</latexit><latexit sha1_base64="PTg/FQZCUDfEgI2vfffUeXs67Zg=">AAACGXicbVDJSgNBEO1xjXGLevRSGIR4MMwEQS9K0IvHCGaBJISeTk/SpGehu0YM4/yGF3/FiwdFPOrJv7GzHDTxQRWP96rorudGUmi07W9rYXFpeWU1s5Zd39jc2s7t7NZ0GCvGqyyUoWq4VHMpAl5FgZI3IsWp70pedwdXI79+x5UWYXCLw4i3fdoLhCcYRSN1cnalcAkP0IBzEEemtTxFWTJIEwHH4KTQQn6PCQgPUhBwAYNOLm8X7TFgnjhTkidTVDq5z1Y3ZLHPA2SSat107AjbCVUomORpthVrHlE2oD3eNDSgPtftZHxZCodG6YIXKlMBwlj9vZFQX+uh75pJn2Jfz3oj8T+vGaN31k5EEMXIAzZ5yIslYAijmKArFGcoh4ZQpoT5K7A+NdmgCTNrQnBmT54ntVLRsYvOzUm+XJrGkSH75IAUiENOSZlckwqpEkYeyTN5JW/Wk/VivVsfk9EFa7qzR/7A+voBm1uc6Q==</latexit>

n candidates, must say yes/no immediately after each interview.
Reject the first k, accept the next who is better than all of them.
What’s the best value of k?

B: event that you hire the best engineer
X: position of the best engineer on the interview schedule

Hiring and Engineer

ik

Hint: where is the 
best among the first 
i – 1 candidates?



n candidates, must say yes/no immediately after each interview.
Reject the first k, accept the next who is better than all of them.
What’s the best value of k?

B: event that you hire the best engineer
X: position of the best engineer on the interview schedule

Hiring and Engineer

Pk(B) =
1

n

nX

i=1

Pk(B|X = i)

=
1

n

nX

i=k+1

k

i� 1
since we know Pk(Best|X = i)

⇡ 1

n

Z n

i=k+1

k

i� 1
di By Riemann Sum approximation

=
k

n
ln(i = 1)

����
n

k+1

=
k

n
ln

n� 1

k
⇡ k

n
ln

n

k

Pk(B) =
nX

i=1

Pk(B|X = i)P (X = i)
<latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit><latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit><latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit><latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit>

By the law of total expectation



n candidates, must say yes/no immediately after each interview.
Reject the first k, accept the next who is better than all of them.
What’s the best value of k?

B: event that you hire the best engineer
X: position of the best engineer on the interview schedule

Hiring and Engineer

Pk(B) =
nX

i=1

Pk(B|X = i)P (X = i)
<latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit><latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit><latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit><latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit>

By the law of total expectation

Pk(B) ⇡ k

n
ln

n

k
<latexit sha1_base64="IjEAjF1Fvx7yHsjbk17/CXz6vdw=">AAACEnicbVC7TsMwFHXKq5RXgJHFokJqlyqpkGCsYGEsEn1ITRQ5rtNadezIdhBVlG9g4VdYGECIlYmNv8FtM0DLka50fM698r0nTBhV2nG+rdLa+sbmVnm7srO7t39gHx51lUglJh0smJD9ECnCKCcdTTUj/UQSFIeM9MLJ9czv3ROpqOB3epoQP0YjTiOKkTZSYNfbwaR2BevQQ0kixQP0IolwNskznnuML148N0JgV52GMwdcJW5BqqBAO7C/vKHAaUy4xgwpNXCdRPsZkppiRvKKlyqSIDxBIzIwlKOYKD+bn5TDM6MMYSSkKa7hXP09kaFYqWkcms4Y6bFa9mbif94g1dGln1GepJpwvPgoShnUAs7ygUMqCdZsagjCkppdIR4jk4I2KVZMCO7yyauk22y4TsO9Pa+2mkUcZXACTkENuOACtMANaIMOwOARPINX8GY9WS/Wu/WxaC1Zxcwx+APr8wdoGZ3w</latexit><latexit sha1_base64="IjEAjF1Fvx7yHsjbk17/CXz6vdw=">AAACEnicbVC7TsMwFHXKq5RXgJHFokJqlyqpkGCsYGEsEn1ITRQ5rtNadezIdhBVlG9g4VdYGECIlYmNv8FtM0DLka50fM698r0nTBhV2nG+rdLa+sbmVnm7srO7t39gHx51lUglJh0smJD9ECnCKCcdTTUj/UQSFIeM9MLJ9czv3ROpqOB3epoQP0YjTiOKkTZSYNfbwaR2BevQQ0kixQP0IolwNskznnuML148N0JgV52GMwdcJW5BqqBAO7C/vKHAaUy4xgwpNXCdRPsZkppiRvKKlyqSIDxBIzIwlKOYKD+bn5TDM6MMYSSkKa7hXP09kaFYqWkcms4Y6bFa9mbif94g1dGln1GepJpwvPgoShnUAs7ygUMqCdZsagjCkppdIR4jk4I2KVZMCO7yyauk22y4TsO9Pa+2mkUcZXACTkENuOACtMANaIMOwOARPINX8GY9WS/Wu/WxaC1Zxcwx+APr8wdoGZ3w</latexit><latexit sha1_base64="IjEAjF1Fvx7yHsjbk17/CXz6vdw=">AAACEnicbVC7TsMwFHXKq5RXgJHFokJqlyqpkGCsYGEsEn1ITRQ5rtNadezIdhBVlG9g4VdYGECIlYmNv8FtM0DLka50fM698r0nTBhV2nG+rdLa+sbmVnm7srO7t39gHx51lUglJh0smJD9ECnCKCcdTTUj/UQSFIeM9MLJ9czv3ROpqOB3epoQP0YjTiOKkTZSYNfbwaR2BevQQ0kixQP0IolwNskznnuML148N0JgV52GMwdcJW5BqqBAO7C/vKHAaUy4xgwpNXCdRPsZkppiRvKKlyqSIDxBIzIwlKOYKD+bn5TDM6MMYSSkKa7hXP09kaFYqWkcms4Y6bFa9mbif94g1dGln1GepJpwvPgoShnUAs7ygUMqCdZsagjCkppdIR4jk4I2KVZMCO7yyauk22y4TsO9Pa+2mkUcZXACTkENuOACtMANaIMOwOARPINX8GY9WS/Wu/WxaC1Zxcwx+APr8wdoGZ3w</latexit><latexit sha1_base64="IjEAjF1Fvx7yHsjbk17/CXz6vdw=">AAACEnicbVC7TsMwFHXKq5RXgJHFokJqlyqpkGCsYGEsEn1ITRQ5rtNadezIdhBVlG9g4VdYGECIlYmNv8FtM0DLka50fM698r0nTBhV2nG+rdLa+sbmVnm7srO7t39gHx51lUglJh0smJD9ECnCKCcdTTUj/UQSFIeM9MLJ9czv3ROpqOB3epoQP0YjTiOKkTZSYNfbwaR2BevQQ0kixQP0IolwNskznnuML148N0JgV52GMwdcJW5BqqBAO7C/vKHAaUy4xgwpNXCdRPsZkppiRvKKlyqSIDxBIzIwlKOYKD+bn5TDM6MMYSSkKa7hXP09kaFYqWkcms4Y6bFa9mbif94g1dGln1GepJpwvPgoShnUAs7ygUMqCdZsagjCkppdIR4jk4I2KVZMCO7yyauk22y4TsO9Pa+2mkUcZXACTkENuOACtMANaIMOwOARPINX8GY9WS/Wu/WxaC1Zxcwx+APr8wdoGZ3w</latexit>

Fun fact. Optimized when: k =
n

e
<latexit sha1_base64="fZJ2nsGyimp9zn2s6vjRljTohOI=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkpSBL0IBS8eK9gPaEPZbCft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKG5tb2zvF3dLe/sFhuXJ03NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Hbudx5RaR7LBzNN0I/oSPKQM2qsNKiUJ+SG9ENFWSZnGc4Glapbcxcg68TLSRVyNAeVr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni8Nn5NwqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw2s+4TFKDki0XhakgJibzFMiQK2RGTC2hTHF7K2FjalMwNquSDcFbfXmdtOs1z61595fVRj2PowincAYX4MEVNOAOmtACBik8wyu8OU/Oi/PufCxbC04+cwJ/4Hz+AFZ7ktQ=</latexit><latexit sha1_base64="fZJ2nsGyimp9zn2s6vjRljTohOI=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkpSBL0IBS8eK9gPaEPZbCft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKG5tb2zvF3dLe/sFhuXJ03NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Hbudx5RaR7LBzNN0I/oSPKQM2qsNKiUJ+SG9ENFWSZnGc4Glapbcxcg68TLSRVyNAeVr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni8Nn5NwqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw2s+4TFKDki0XhakgJibzFMiQK2RGTC2hTHF7K2FjalMwNquSDcFbfXmdtOs1z61595fVRj2PowincAYX4MEVNOAOmtACBik8wyu8OU/Oi/PufCxbC04+cwJ/4Hz+AFZ7ktQ=</latexit><latexit sha1_base64="fZJ2nsGyimp9zn2s6vjRljTohOI=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkpSBL0IBS8eK9gPaEPZbCft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKG5tb2zvF3dLe/sFhuXJ03NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Hbudx5RaR7LBzNN0I/oSPKQM2qsNKiUJ+SG9ENFWSZnGc4Glapbcxcg68TLSRVyNAeVr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni8Nn5NwqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw2s+4TFKDki0XhakgJibzFMiQK2RGTC2hTHF7K2FjalMwNquSDcFbfXmdtOs1z61595fVRj2PowincAYX4MEVNOAOmtACBik8wyu8OU/Oi/PufCxbC04+cwJ/4Hz+AFZ7ktQ=</latexit><latexit sha1_base64="fZJ2nsGyimp9zn2s6vjRljTohOI=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkpSBL0IBS8eK9gPaEPZbCft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKG5tb2zvF3dLe/sFhuXJ03NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Hbudx5RaR7LBzNN0I/oSPKQM2qsNKiUJ+SG9ENFWSZnGc4Glapbcxcg68TLSRVyNAeVr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni8Nn5NwqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw2s+4TFKDki0XhakgJibzFMiQK2RGTC2hTHF7K2FjalMwNquSDcFbfXmdtOs1z61595fVRj2PowincAYX4MEVNOAOmtACBik8wyu8OU/Oi/PufCxbC04+cwJ/4Hz+AFZ7ktQ=</latexit>



Four Prototypical Trajectories

That’s all folks!



5 3 7 4 8 6 2 1

Let’s Do Some Sorting!



5 3 7 4 8 6 2 1

select 
“pivot”

QuickSort



Partition array so:

• everything smaller than pivot is on left

• everything greater than or equal to pivot is on right

• pivot is in-between

5 3 7 4 8 6 2 1

Recursive Insight



Partition array so:

• everything smaller than pivot is on left

• everything greater than or equal to pivot is on right

• pivot is in-between

2 3 1 4 5 6 8 7

Recursive Insight



2 3 1 4 5 6 8 7

Now recursive sort “red” sub-array

Recursive Insight



1 2 3 4 5 6 8 7

Now recursive sort “red” sub-array

Recursive Insight



1 2 3 4 5 6 8 7

Now recursive sort “red” sub-array

Then, recursive sort “blue” sub-array

Recursive Insight



1 2 3 4 5 6 7 8

Now recursive sort “red” sub-array

Then, recursive sort “blue” sub-array

Recursive Insight



1 2 3 4 5 6 7 8

Everything is sorted!

Recursive Insight



void Quicksort(int arr[], int n)
{

if (n < 2) return;

int boundary = Partition(arr, n);

// Sort subarray up to pivot
Quicksort(arr, boundary);

// Sort subarray after pivot to end
Quicksort(arr + boundary + 1, n – boundary - 1);

}

“boundary” is the index of the pivot



Partition

5 3 7 4 8 6 2 1

Before

After

2 3 1 4 5 6 8 7

Pivot

Does one comparison for every element 
in the array and the pivot.

Complexity of quicksort is determined by 
number of comparisons made to pivot



• QuickSort is O(n log n), where n = # elems to sort
§ But in “worst case” it can be O(n2)
§ Worst case occurs when every time pivot is selected, it 

is maximal or minimal remaining element

Complexity QuickSort



• Let X = # comparisons made when sorting n elems
§ E[X] gives us expected running time of algorithm
§ Given V1, V2, ..., Vn in random order to sort
§ Let Y1, Y2, ..., Yn be V1, V2, ..., Vn in sorted order

Expected Running Time of QuickSort



Four Prototypical Trajectories

When are Ya and Yb are compared?



Lets Imagine Our Array in Sorted Order

1 3 5 7 9 11

Ya Yb

Whether or not they are compared 
depends on pivot choice

Y1 Y2 Y3 Y4 Y5 Y6



Lets Imagine Our Array in Sorted Order

1 3 5 7 9 11

Ya Yb

Whether or not they are compared 
depends on pivot choice



P(Ya and Yb ever compared)

1 3 5 7 9 11

Ya Yb

Consider pivot choice: Ya

They are compared



P(Ya and Yb ever compared)

1 3 5 7 9 11

Ya Yb

Consider pivot choice: Yb

They are compared



P(Ya and Yb ever compared)

1 3 5 7 9 11

Ya Yb

Consider pivot choice: 7

They are not compared



P(Ya and Yb ever compared)

1 3 5 7 9 11

Ya Yb

Consider pivot choice: < Ya

Whether or not they are compared 
depends on future pivots



P(Ya and Yb ever compared)

1 3 5 7 9 11

Ya Yb

Consider pivot choice: > Yb

Whether or not they are compared 
depends on future pivots



P(Ya and Yb ever compared)

5 7 9

Ya Yb

Are Ya and Yb compared?

Keep repeating pivot choice until you get a pivot
In the range [Ya, Yb] inclusive



• Let X = # comparisons made when sorting n elems
§ E[X] gives us expected running time of algorithm
§ Given V1, V2, ..., Vn in random order to sort
§ Let Y1, Y2, ..., Yn be V1, V2, ..., Vn in sorted order
§ Let Ia,b = 1 if Ya and Yb are compared, 0 otherwise

§ Order where Yb > Ya, so we have: å å
-

= +=

=
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ab
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Expected Running Time of QuickSort



Expected Running Time of QuickSort

I1,2 + I1,3 + … + I1,n

+ I2,3 + … + I2,n

When a = 1

When a = 2

When a = n-1 + In-1,n

Contains a comparison between each i and j
(where i does not equal j) 

exactly once

å å
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• Let X = # comparisons made when sorting n elems
§ E[X] gives us expected running time of algorithm
§ Given V1, V2, ..., Vn in random order to sort
§ Let Y1, Y2, ..., Yn be V1, V2, ..., Vn in sorted order
§ Let Ia,b = 1 if Ya and Yb are compared, 0 otherwise

§ Order where Yb > Ya, so we have: å å
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Expected Running Time of QuickSort



• Consider when Ya and Yb are directly compared
§ We only care about case where pivot chosen from set: 

{Ya, Ya+1, Ya+2, ..., Yb} 
§ From that set either Ya and Yb must be selected as pivot 

(with equal probability) in order to be compared
§ So,
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P(Ya and Yb ever compared)
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Bring it on Home (i.e. Solve the Sum)

Thanks 
Riemann



Four Prototypical Trajectories

Ahhh J


